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In this paper, we first present a necessary condition for diffeomorphisms to have formal
first integrals. Moreover, we consider diffeomorphismswhich have some nontrivial formal
integrals. Under certain conditions, we show that the diffeomorphism does not admit any
other formal integral in the sense of functionally independent first integrals.
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1. Introduction
It is well known that the study of integrability of differential equations has always been one of the main topics in
mathematical and physical sciences. In [1], the author has given a necessary condition for the existence of first integral
for general nonlinear systems. A criterion of partial integrability for general nonlinear systems has been built in [2]. Some
significative works have been done in this direction (see [3–6]).
We consider an analytic diffeomorphism f (x) defined inCn. An analytic functionH(x) defined in a connected open subset
U is an analytic first integral of f (x) if
H(f m(x)) ≡ H(x), (1.1)
for all m ∈ Z, such that for all x, f m(x) ∈ U . Assume that f (0) = 0. If H(x) is a formal series in x and satisfies (1.1), then H
is called a formal first integral of f in a neighborhood of the fixed point x = 0. A diffeomorphism is called integrable if it
admits n − 1 functionally independent first integrals [7]. Obviously, if a diffeomorphism does not have any nontrivial first
integral, then it is certainly nonintegrable. And if the number of first integrals is less than n − 1, then it is called partially
integrable.
In this paper, we consider the nonintegrability and partial integrability for analytic diffeomorphisms. In Section 2, we
shall prove the following result:
Theorem A. Let f be an analytic diffeomorphism with f (0) = 0, and A denote the Jacobi matrix of f (x) at the fixed point x = 0.
If the eigenvalues λ1, . . . , λn of A do not satisfy any resonant condition of the type
n∏
i=1
λ
ki
i = 1, ki ∈ N
⋃
{0},
n∑
i=1
ki ≥ 1, (1.2)
then the diffeomorphism f does not have any nontrivial formal first integral in a neighborhood of the fixed point x = 0.
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It should be pointed out here that the Theorem A was obtained in [7] by using the theory of linear operator and Poincaré
normal forms theory.
Then in Section 3, we consider diffeomorphisms which have some nontrivial formal first integrals. We prove that under
certain conditions, diffeomorphisms do not admit any other formal first integral in the sense of functionally independent
first integrals.
2. Proof of Theorem A
We can rewrite f in a neighborhood of x = 0 as
f (x) = Ax+ F(x), (2.1)
where F(x) = O(|x|2).
Assume that H(x) is a nontrivial formal first integral of the diffeomorphism f in a neighborhood U0 of the x = 0, then by
the definition, we have
H(f (x)) = H(x), (2.2)
for all x, f (x) ∈ U0.
If H(x) is a first integral of the diffeomorphism f , then for any constant C , H(x)+ C is also a first integral of f . So without
loss of generality, we assume that H(0) = 0. So we can rewrite H(x) as
H(x) = Hl(x)+ Hl+1(x)+ · · · , (2.3)
where Hk(x) (k = l, l+ 1, . . .) are homogeneous polynomials in x, and Hl(x) 6≡ 0 with l ≥ 1. Then
Hl(Ax+ F(x))+ Hl+1(Ax+ F(x))+ · · · = Hl(x)+ Hl+1(x)+ · · · .
Comparing terms with respect to xl, we get
Hl(Ax) = Hl(x). (2.4)
Let T be a nonsingular matrix such that T−1AT = J , where J is the Jordan canonical form of A, i.e.,
J =

J1
J2
. . .
Jm
 , Jr =

λr 1
. . .
. . .
. . . 1
λr
 ,
where Jr is a Jordan block with degree equal to ir , i1 + · · · + im = n. Then under the transformation x = Ty, we have
(Hl ◦ T )(Jy) = Hl(TJy) = Hl(ATy) = Hl(Ax) = Hl(x) = Hl(Ty) = (Hl ◦ T )(y),
that is,
H¯l(Jy) = H¯l(y),
where H¯l = Hl ◦ T .
Make the following transformation of variables y = Cz, where
C =

C1
C2
. . .
Cm
 , Cr =

1
ε
. . .
εir−1
 ,
Cr is a Jordan block with degree equal to ir , i1 + · · · + im = n, ε > 0 is a constant. Obviously, C is invertible. Let
G(z) = H¯l(Cz). (2.5)
Following (2.5), we have
G(C−1Jy) = H¯l(CC−1Jy) = H¯l(Jy) = H¯l(y) = H¯l(CC−1y) = G(C−1y),
therefore
G(C−1JCz) = G(z). (2.6)
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Let C−1JC = B+ εB˜, where
B =

B1
B2
. . .
Bm
 , Br =

λr
λr
. . .
λr
 ,
B˜ =

B˜1
B˜2
. . .
B˜m
 , B˜r =

0 1
. . .
. . .
. . . 1
0
 .
Br and B˜r is a Jordan block with degree equal to ir , i1 + · · · + im = n.
G(z) = H¯l(Cz)
=
∑
k1+k2+···+kn=l
H¯k1···knz
k1
1 (εz2)
k2 · · · (εi1−1zi1)ki1 (zi1+1)ki1+1(εzi1+2)ki1+2 · · · (εi2−1zi1+i2)ki1+i2 · · ·
× (zi1+···+im−1+1)ki1+···+im−1+1(εzi1+···+im−1+2)ki1+···+im−1+2 · · · (εim−1zn)kn
= G0(z)+ εG1(z)+ · · · + εNGN(z), (2.7)
where N > 0 is a certain constant, Gi(i = 0, 1, . . . ,N) are the homogeneous form of degree l. By (2.6) and (2.7), we can see
that
G0((B+ εB˜)z)+ · · · + εNGN((B+ εB˜)z) = G0(z)+ · · · + εNGN(z). (2.8)
Suppose G0(z) = · · · = GM−1(z) ≡ 0, GM(z) 6≡ 0 (0 ≤ M ≤ N). Equating the terms in εM in (2.8) yields GM(Bz) = GM(z).
Assume that
GM(z) =
∑
k1+···+kn=l
GMk1···knz
k1
1 · · · zknn .
Then we can get∑
k1+···+kn=l
GMk1···kn(λ
k1+···+ki1
1 λ
ki1+1+···+ki1+i2
2 · · · λ
ki1+···+im−1+1+···+kn
m )z
k1
1 · · · zknn
=
∑
k1+···+kn=l
GMk1···knz
k1
1 · · · zknn . (2.9)
Thus, a resonant condition of type (1.2) has to be fulfilled for any nonzero coefficient GMk1···kn , which contradicts to the
conditions of Theorem A, and we complete the proof.
3. Partial integrability for diffeomorphisms
By the arguments in Section 2, it is not difficult to know that if f has a nontrivial first formal integral H(x), then the
first nonzero term Hl(x) in its Maclaurin expansion is a homogeneous first integral of degree l of linear diffeomorphism
A. So at least one resonant relationship of type (1.2) must be satisfied. Therefore the set D =
{
k = (k1, . . . , kn) :∏n
i=1 λ
ki
i = 1, ki ∈ N
⋃{0}} is a nonempty subset of Zn.
Lemma 1. Assume that matrix A is diagonalizable and η1 = (η11, . . . , η1n), . . . , ηs = (ηs1, . . . , ηsn)(s < n) are the least
generating elements of the set D. Then z1(x) = xη111 · · · xη1nn , . . ., zs(x) = xηs11 · · · xηsnn are s functionally independent first integrals
of A. Moreover, any nontrivial homogeneous first integral Hk(x) of A is a polynomial function of z1(x), . . . , zs(x).
Proof. For simplicity, we assume that A has already a diagonal form diag(λ1, . . . , λn). Since
ηi = (ηi1, . . . , ηin) ∈ D, i = 1, 2, . . . , s,
we have
z i(Amx)− z i(x) =
n∏
j=1
(λmi xi)
ηij −
n∏
j=1
x
ηij
i = ((ληi11 ληi22 · · · ληinn )m − 1)z i(x) = 0.
So z i(x) (1 ≤ i ≤ s) are formal first integrals of A.
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Next wewill prove that z1(x), . . . , zs(x) are functionally independent. Since η1 = (η11, . . . , η1n), . . ., ηs = (ηs1, . . . , ηsn)
are the least generating elements of the set D. The matrix (ηij)s×n is full-ranked. Therefore, it must have a subdeterminant
of degree swhich is nonzero. Without loss of generality, we can assume det(ηij)s×s 6= 0, and thus
det
∂(z1, . . . , zs)
∂(x1, . . . , xs)
=
s∏
i=1
z i(x)x−1i det(ηij)s×s 6= 0.
This shows that the matrix ∂(z
1,...,zs)
∂(x1,...,xn)
is full-ranked, i.e., z1(x), . . . , zs(x) are functionally independent. If
Hk(x) =
∑
k1+···+kn=k
Hk1···kn(x1)
k1 · · · (xn)kn
is a nontrivial homogeneous first integral of A. From Theorem A, we can see that for any nonzero Hk1···kn , (k1, . . . , kn) ∈ D.
Hence there exist a1, . . . , as ∈ Z, such that
k = a1η1 + · · · + asηs,
Thus we have
xk11 · · · xknn = xa1η11+···+asηs11 · · · xa1η1n+···+asηsnn = (z1(x))a1 · · · (zs(x))as .
It is easy to conclude that Hk(x) is a polynomial function of z1(x), . . . , zs(x). 
Theorem B. Assume f has s (s < n) nontrivial formal first integrals H1(x), . . . ,Hs(x) and the matrix A is diagonalizable. If
H1l1(x), . . . ,H
s
ls(x) are functionally independent and the number of the generating elements of the set D is s, then any other
nontrivial formal first integral G(x) of f must be a function of H1(x), . . . ,Hs(x), i.e.,
G(x) = F (H1(x), . . . ,Hs(x)),
where F is a smooth function.
To prove this theorem, we need the following lemma.
Lemma 2. Assume that matrix A is diagonalizable and the number of the generating elements of the set D is s. Let f has
s (s < n) nontrivial formal first integrals H1(x), . . . ,Hs(x). If H1l1(x), . . . ,H
s
ls(x) are functionally independent and any nontrivial
homogeneous first integrals Gq(x) of A is a smooth function of H1l1(x), . . . ,H
s
ls(x), i.e., Gq(x) = P (H1l1(x), . . . ,Hsls(x)), then any
nontrivial formal first integral G(x) of f is a smooth function of H1(x), . . . ,Hs(x).
Proof. Making the transformation x = εy. We can rewrite the first integral H i(x) (i = 1, . . . , s) of f (x) as follows
H˜ i(y, ε) = H i(εy) = H ili(εy)+
∞∑
j=1
H ili+j(εy) = εli(H ili(y)+
∞∑
j=1
εjH ili+j(y)). (3.1)
Similarly, other nontrivial formal first integral G(x) of f (x) reads
G˜(y, ε) = G(εy) = Gq(εy)+
∞∑
j=1
Gq+j(εy) = εq(Gq(y)+
∞∑
j=1
εjGq+j(y)). (3.2)
Obviously H˜1(y, ε), . . . , H˜s(y, ε) and G˜(y, ε) are first integrals of f (εy). Since
Gq(x) = P (H1l1(x), . . . ,Hsls(x)), (3.3)
Under the transformation x = εy, we have
εqGq(y) = Gq(εy) = P (H1l1(εy), . . . ,Hsls(εy)) = P (εl1H1l1(y), . . . , εlsHsls(y)), (3.4)
By (3.3) and (3.4), we obtain
P (εl1H1l1(y), . . . , ε
lsHsls(y)) = εqP (H1l1(y), . . . ,Hsls(y)). (3.5)
Let P (0) = P . Then the function
G˜(1)(y, ε) = G˜(y, ε)− P (0)(H˜1(y, ε), . . . , H˜s(y, ε))
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is obvious a first integral of f (εy). By (3.1)–(3.3) and (3.5), it is easy to see that function G˜(1)(y, ε) is at least of q + 1 order
with respect to ε, and G˜(1)(y, ε) can be rewritten as
G˜(1)(y, ε) = εq1
(
G(1)q1 (y)+
∞∑
j=1
εjG(1)q1+j(y)
)
,
where q1 ≥ q+ 1 is a first integer, G(1)q1+j(y) is a homogeneous form of degree q1 + j.
It is not difficult to prove that G(1)q1 (y) is a homogeneous first integral of A. According to the assumptions of the lemma,
G(1)q1 (y) = P (1)(H1l1(y), . . . ,Hsls(y)). So the function
G˜(2)(y, ε) = G˜(1)(y, ε)− P (1)(H˜1(y, ε), . . . , H˜s(y, ε))
is also a first integral of f (εy)which is at least of q1 + 1 order with respect to ε.
By repeating infinitely this process, we obtain that
G˜(y, ε) =
∞∑
j=0
P (j)(H˜1(y, ε), . . . , H˜s(y, ε)),
which is equivalent to the fact that
G(x) =
∞∑
j=0
P (j)(H1(x), . . . ,Hs(x)) = F (H1(x), . . . ,Hs(x))
for a certain smooth function F (H1(x), . . . ,Hs(x)). The lemma is proved. 
Proof of Theorem B. According to Lemma 2, if we already have that any nontrivial homogeneous first integral Gq(x) of A is
a smooth function of the first integrals H1l1(x), . . . ,H
s
ls(x), then any nontrivial formal first integral G(x) of f is a function of
H1(x), . . . ,Hs(x), and the proof of the theorem is completed.
According to Lemma 1, any nontrivial homogeneous first integral of A is a polynomial function of z1(x), . . . , zs(x), so
there exist polynomial function T and Fi such that
Gq(x) = T (z1(x), . . . , zs(x)),
H ili(x) = Fi(z1(x), . . . , zs(x)), i = 1, 2, . . . , s.
(3.6)
As we known H1l1(x), . . . ,H
s
ls(x) are functionally independent, the matrix
∂(H1l1 , . . . ,H
s
ls)
∂(x1, . . . , xn)
= ∂(F1, . . . ,Fs)
∂(z1, . . . , zs)
· ∂(z
1, . . . , zs)
∂(x1, . . . , xn)
is full-ranked. On the other hand, z1(x), . . . , zs(x) are functionally independent, thus the matrix ∂(z
1,...,zs)
∂(x1,...,xn)
is also full-
ranked. Therefore the matrix ∂(F1,...,Fs)
∂(z1,...,zs)
is full-ranked (nondegenerated). By Inverse Function Theorem and (3.6), z i(x) =
Ti(H1l1(x), · · · ,Hsls(x)), i = 1, 2, . . . , s,where Ti is a smooth function. So we have
Gq(x) = T (z1(x), . . . , zs(x)),
= T (T1(H1l1(x), . . . ,Hsls(x)), . . . , Ts(H1l1(x), . . . ,Hsls(x)))
= P (H1l1(x), . . . ,Hsls(x)).
We have completed the proof. 
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